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Abstract. In this paper we are concerned with the design of a small low-cost, low-field multipolar magnet for
Magnetic Resonance Imaging with a high field uniformity. By introducing appropriate variables, the consid-
ered design problem is converted into a global optimization one. This latter problem is solved by means of a
new derivative free global optimization method which is a distributed multi-start type algorithm controlled by
means of a simulated annealing criterion. In particular, the proposed method employs, as local search engine,
a derivative free procedure. Under reasonable assumptions, we prove that this local algorithm is attracted
by global minimum points. Additionally, we show that the simulated annealing strategy is able to produce a
suitable starting point in a finite number of steps with probability one.

Key words. Magnetic Resonance Imaging — Global optimization — Simulated annealing — Derivative free
methods

1. Introduction

Magnetic Resonance Imaging (MRI) or Magnetic Resonance Tomography (MRT) [23,
16, 18, 3] is a powerful diagnosis instrument especially because of its non-invasive type,
its high resolution and its ability to scan even soft tissues. Patients undergoing an MRI
exam lie flat on a scanning table and are placed in a magnetic field created by a huge
magnet.

MRI is strongly affected by the uniformity of the magnetic field generated by this
magnet, in that, the more uniform the magnetic field is, the higher the resolution of
the images produced during the exam is. Another important issue is connected to the
dimension of the uniformity region. Indeed, it delimits the region that can be actually
scanned by the MR apparatus.

The present technology of medical application of MRI has recently evolved toward
very high magnetic field units (2-3 Tesla) based on super-conducting magnets with a
cost of a few million dollars. This reflects on the cost of an MRI analysis. The result is
that many fields of medicine cannot benefit from the use of these apparatus that are too

G. Liuzzi, S. Lucidi, V. Piccialli: Universita di Roma “La Sapienza”, Dipartimento di Informatica e Sistemis-
tica “Antonio Ruberti”, via Buonarroti, 12, 00185 Roma, Italy.

e-mail: {1iuzzi, lucidi, piccialli}@dis.uniromal.it

A. Sotgiu: INFM, Universita de L’ Aquila, Dipartimento di Tecnologie Biomediche, Coppito, 67100 L’ Ag-uila,
Italy. e-mail: sotgiu@univaqg.it

* This work was supported by CNR/MIUR Research Program “Metodi e sistemi di supporto alle decisioni”,
Rome, Italy.

Mathematics Subject Classification (1991): 65K05, 62K05, 90C56



340 G. Liuzzi et al.

expensive for pathologies which are considered marginal in comparison, for example,
to cardiac or cerebral diseases.

For this reason new kind of equipments are being devised with the purpose of low-
ering the cost of MRI analysis. They require new technology developments, particularly
in the magnet design. The main purpose is to build economical MRI systems focused to
dedicated applications. The more relevant ones are low-field MRI systems for orthopedic
applications.

Naturally, low field apparatus are inherently less sensitive than high field ones. How-
ever, this drawback can be overcome by a high uniformity of the magnetic field which
results in high resolution images.

Low field usually requires a lower magnet volume and weight, which imply a lower
cost.

To date, the few small MR units produced, present the following drawbacks

- alow field uniformity (over 50 ppm);
- a high cost essentially due to the lack of market competition.

In this frame the development of dedicated equipment based on low field magnets is
strategic for increasing the applications of MRI and their use in environments different
from radiological sites.

One possible technique to build a low field dedicated magnet is that of using perma-
nent magnets surrounded by an iron yoke to amplify the magnetic field. The presence of
this iron yoke requires a careful design to obtain the required properties. It, in fact, intro-
duces non linearities in the dependence of the field from the characteristics of the used
magnetic material. For this reason the design procedure heavily relays on optimization
procedures along with field computation programs.

To conclude, our main effort in this paper is aimed toward the design of a small low
cost, low field (0.08 T) MR apparatus with the following innovative properties:

1. abig uniformity region with respect to the dimension of the structure;
2. ahigh level of field uniformity.

The above design problem can be converted into an optimization problem with the
following properties. First of all, the objective function must represent the uniformity
of the magnetic field within the target region and hence it depends on the relationship
between the project variables and the magnetic field behavior. This implies that the
objective function is nonlinear and non convex which does not allow us to rule out the
presence of multiple local minimizers. Moreover, the behavior of the magnetic field is
not known analytically, but it can only be computed by means of some simulation code.
For this reason, the objective function can be considered as a black box with unavailable
derivatives.

As regards the project variables, besides their usual boundedness, they must sat-
isfy some design specifications. In particular, this turns out in nonlinear and non convex
constraints involving the model geometry and its feasibility. Anyway, the particular struc-
ture of the problem allows us to tackle them without using sophisticated mathematical
instruments.

In order to solve problems with the above features, we define a new derivative-
free global optimization method. The idea behind the proposed approach consists in
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performing several distributed derivative-free local minimizations starting from ran-
domly generated feasible points satisfying a simulated annealing acceptability criterion.

In Section 2 we describe model of the magnet and we define the corresponding
optimization problem. In Section 3 we introduce the new global optimization algorithm
along with its properties and we report some numerical results on a set of test problems
to show its efficiency. Finally, Section 4 is devoted to the results on the optimal design
problem.

We conclude this section by introducing some notation used throughout the text.
Given a vector or a scalar, say a, a subscript g; indicates the i-th element of a set.
Whereas, a superscript a* identify the k-th iterate of a generic algorithm. We write a™ to
denote max{0, a}. Moreover, for the sake of simplicity, given a m-tuple (ay, ..., a;) we
shall denote by (ay, . .., an)* the m-tuple (a/f, R a,’;). Finally, we denote by B(x™; €)
the set {x € R" : |lx — x*|| < €}.

2. Model description and problem definition

In this section we describe an abstract model of the multipolar magnet. Then, after
introducing and discussing some simplifying assumptions on the magnet, we define the
variables which describe the model. Finally, we state the optimal design problem in
terms of a global minimization constrained program. We remark that, since the practical
realization of a physical model of the magnet is very expensive, this very task can be
done only after the achievement of sound results which are precisely the purpose of the
present work.

We consider a model (M) of the multipolar magnet which has the shape of a cylinder
with an elliptical base. The elliptical shape of the magnet basis has been chosen to max-
imize the possibility of use in different situations (such as for the peripheral skeleton
and paediatrics).

The magnet (M) is composed of twelve elliptical iron rings with eighteen small per-
manent magnets screwed on each of them. The arbitrary choice of the number of rings
and magnets which compose the model, is due to the following reasons. As concerns
the rings, we have to conciliate the need of limiting the border effect, which requires
many rings, with the need of obtaining a low-cost structure, which, on the opposite,
would drive us to use as few rings as possible. As for the small magnets, their number is
directly connected with the requirement that the field intensity should be approximately
0.08 Tesla.

Moreover, for reasons which regard the future practical realization of the model, we
limit ourselves to consider every ring equal to each other both in terms of dimensions
of the semi-axes and in terms of the small magnets positioning. As a matter of fact, this
restrictive assumption, though resulting in a less flexible structure, would ease the indus-
trial building process. For the same reason, every small permanent magnet is assumed to
be equal to each other. Therefore, every ring has 236mm x 180mm long semi-axes and
is 30mm wide and 40mm thick (like the one depicted in Figure 1(a)) and every small
magnet has a cylindrical shape, with 42mm diameter and 30mm height (as shown in
figure 1(b)), and a residual magnetization M, = 1.35 Tesla.
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Given all the above assumptions on model (M), we would need 227 variables to
completely describe its geometry, that is, eleven displacement variables of the rings
with respect to a fixed ring plus eighteen position variables of the magnets on every
ring. Even though with all these variables the model would certainly have many degrees
of freedom, a balance is to be found among a sufficient elasticity of the model (more
variables) and the tractability of the underlying global optimization problem (less vari-
ables). In order to try and reduce the number of variables we have made some simplifying
assumptions on model (M).

First of all, we assume that two magnets are fixed on every ring and directed along the
short semi-axis. This seems reasonable if we seek for a uniform magnetic field directed
along their axis. Moreover, we assume that only four magnets can be freely positioned
on a quarter of ring and get the remaining twelve positions by reflection on the semi-axes
of the ring. Furthermore, we assume that the whole structure is symmetric with respect
to a plane parallel to the rings and which divides the model into two halves of six rings
(see figure 1(c)).

Under the above assumptions, we come up with amodel which is fine from a construc-
tive point of view and which can be described by just 10 variables. However, practical
experiences showed that this model has too few degrees of freedom. Thus, we relax the
assumption that rings are equal to each other and we assume that only the first two rings
are equal. So, we introduce four more variables, that is, the offsets of the four outermost
rings with respect to the two innermost ones (see figure 2(b)). We chose these variables
because in this way we have a better control on the border effect.

As already said, the key feature of every MR apparatus is the uniformity of the
magnetic field within a specified region in space. In our case, this so-called uniformity
region is a cylinder (12 cm long) having an elliptical base with major and minor semi-
axes respectively 6 and 5 centimeters long, which is quite a large region with respect to
the dimension of the multipolar magnet itself.

To summarize, we consider as optimization variables

the positions (x, . .., x¢) of the rings along the cylinder axis (see figure 2(b));

. the angular positions (see figure 2(a)) of each row of small permanent magnets
(x7, ... ,x10), being a row constituted by magnets occupying the same position but
on different rings (as shown by figure 1(c));

3. the offsets (x11, ..., x14) of the four outermost rings with respect to the two inner-

most ones (see figure 2(b)).

N =

In spite of its simple structure and due to the high nonlinearities introduced by the
iron yoke, the field generated by model (M) can not be analytically computed. For this
reason, the multipolar magnet model, corresponding to a feasible choice of the above
mentioned variables, is computer rendered within a field simulation program which
predicts the behavior of the magnetic field by means of a sophisticated finite element
analysis. In particular, we employ RADIA (see [10, 4]) areliable finite element simulator
released by the European Synchrotron Radiation Facility (ESRF) at Grenoble (France).
The simulation process carried out by this code can take up to a minute of CPU time on
a Pentium IV processor based computer.

Let XY Z be a system of Cartesian coordinates with origin at the center of the struc-
ture, X axis parallel to the cylinder axis and, Z and Y axes directed, respectively, along
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Fig. 2. Optimization variables

the shortest and longest semi-axes of the cylinder base. As already said, we want the
magnetic field B generated by the multipolar magnet to be as uniform as possible within
the target region and directed along the Z axis.

In order to measure the uniformity of the magnetic field within the target region,
we just sample the three components of B on a grid of N, points uniformly distributed
inside the cylindrical region of interest. Let Bg)(x), BI(,’ )(x) and B(Z’)(x) be the three
components of the magnetic field measured at the i-th point of the grid, the objective
function will be
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Np

> (BY @) = Bz + (BY 0 + (B (0)?)
U == By(x)? ’
where x = (x1...x14)" and
Np
By (x)
Bz(x) = Z]N—,,

As regards the constraints, they can be divided into four groups.
The first one consists of the following box constraints on the variables:

0<x;<300, i=1,...,6
0<x;<90, i=7,...,10
—10<x; <20,i=11,...,14.

The second group ensures rings to be separated one from another, namely the fol-
lowing inequalities must be satisfied:

g1(x) =—x1+r <0 (L
gix)=xi-1—xi+2r<0, i=2,...,6,

where r = 21 is the magnet radius. The third group of constraints ensures the ordering
of the angular positions of the magnets:

gix) =xip1—x <0, i=7,...,9. )
Finally there is a group of constraints which are meant to avoid magnets overlapping:
gilx) <0, i=10,...,49. 3)

These constraints are continuously differentiable but non convex. Since their expres-
sion is technical and does not enrich the paper, they are reported in Appendix.
We point out that the constraints g(x) < 0 can not be relaxed into g(x) < 0 since
the simulator outcome is not reliable whenever g;(x) > 0 fori = 1,...,49. On the
other hand, the physics of the magnetic apparatus suggests that a good uniformity of the
magnetic field can not be obtained with points x such that g(x) = 0. For this reason, it
seems reasonable to assume that it is likely to find a feasible point X such that g(x) < 0
and U (x) < U (x) for every x such that g(x) = 0.
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Summarizing, our optimal design problem belongs to the following class of optimi-
zation problems'

min U (x)
g(x) <0 M)

l<x<u,
with the properties listed below:

(i) the objective function is of the black-box type in the sense that apart from its
continuity in the feasible set, no information on its structure is available and its
computation is expensive;

(ii) the objective function is not defined outside of the feasible set and the constraints
are continuous but non convex; on the other hand it is “relatively” easy to generate
feasible points and to remain in the feasible set;

(iii) it is possible to find a feasible point x such that the set {x € R" : g(x) < 0,1 <
x <u,U(x) < U(x)}is compact;

(iv) the objective function does not satisfy any convexity assumptions and hence the
problem can have local minimizers. Indeed, a local minimization algorithm applied
to this problem starting from different initial points produces different solutions
(see the results reported in Section 4).

Feature (i) eliminates the possibility of using those methods that exploit derivative knowl-
edge and forces us to employ methods which are not too expensive with respect to the
number of function evaluations. Feature (ii), on the one hand, requires that during the
minimization process only feasible points are explored and, on the other hand, implies
that the feasibility can be maintained without using sophisticated techniques. Feature
(iii) guarantees that Problem (M) admits a solution. Finally, feature (iv) qualifies (M) as
a global optimization problem so that a global optimization method is to be used.
From the above discussion it emerges that the solution method should be able to find
a global minimum point among the local ones without requiring any derivative knowl-
edge and using a limited number of function evaluations. Most of the global derivative
free methods usually require too many function evaluations to get a solution and are
able to efficiently tackle problems with only a few variables. Therefore, they are not
particularly well-suited to tackle problems with features (i)-(iv) (see also the introduc-
tion of [2] and the references therein). On the opposite, sufficiently good solutions of
minimization problems showing some or all of the features (i)-(iv) have been obtained
by using some algorithms belonging to the particular class of Controlled Random Search
(CRS) methods [8, 2, 5, 24, 25, 12, 17]. All these algorithms, though intended for uncon-
strained problems, are easily extendible to handle constraints of type (ii). Such methods
are usually very efficient in identifying the region where the global minimum point is
located, but they do not have a similar ability in determining a good approximation of the
global minimum point. Since the quality of the solution is of fundamental importance

LA description of Problem (M) in the AMPL [11] syntax can be found at the URL
http://www.dis.uniromal.it/~1liuzzi/papers/Model/MRmodel.zip. Although the
model is of public domain, to compute the objective function one should have a licensed version of
Mathematica [27] along with the freeware RADIA simulator package.
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to our application, we have tried to define a new algorithm which, hopefully, had the
same global capacity of CRS methods but an higher accuracy. The description of this
new algorithm is the topic of the next section.

3. Global optimization approach

We consider the following constrained problem

min f(x) “4)
x e F CR"Y,

where F = DNS withD = {x € R" : | < x < u}and S an open set. For a given
x° € R", we denote the level set of f(x) by

Qx)={xeF:fx)<f&x)}

Throughout this section we shall assume that, even though no derivative knowledge is

available for the objective function, f(x) is twice continuously differentiable.
Given a feasible point x € F, we denote by

Ax)={deR": 3@ > 0, Yo € [0,&], x +ad € F}

the set of feasible directions in x.
We define a stationary point of Problem (4) as a point x* € F such that

ViaHTd >0, Vd € A(xY).

The algorithm we propose is based on an idea which is not new among optimization
practitioners, namely the repeated use of local minimization algorithms as local search
engine of a global minimization. In fact, it is well-known that good approximations of
minimum points can be obtained by using efficient local minimization algorithms. How-
ever, when a local algorithm starts far from a global minimum point, it can be trapped
into a local minimum. In order to overcome this last difficulty, we have followed the
approach proposed in [20] where:

- the starting points of the local searches are chosen at random according to a proba-
bility density function which is updated during the iterates of the algorithm so as to
be concentrated around a global minimum point of the problem;

- the local searches are performed by an algorithm which has the property that it is
attracted by any global minimum point.

As concerns the latter property, Proposition 1.12 in [1] shows that any gradient related
method is attracted by every strong local minimum point. An analogous result holds for
trust region algorithms (see e.g. [6]) which require derivative knowledge too. Unfor-
tunately, in our context we can not use any derivative-based method. However, the
following proposition shows that a similar result can be obtained without requiring any
derivative information.
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Proposition 1. Let f € C? and {x*} be a sequence of feasible points generated by an
iterative method x**! = x* + o*d* satisfying

FEEY < £65 —a@H)?1ak)12, Q)

forallk, where & > 0. Then, for every global minimum x* of f(x) on F where V2 f(x*)
is positive definite, there exists an open set L containing x* such that, if xk e L for some
k>0

- then x* € L forall k > k;
- if any accumulation point of the sequence {x*} is a stationary point of Problem (4),
then {x*} — x*.

Proof. Let x* be a global minimum of f(x) on F with V2 f (x*) positive definite. Then
an € > 0 exists such that B(x*, €) C S and for all x € B(x*, €), the matrix V2 f (x) is
also positive definite. Denote by

. T2
= min \% .
v oee o Feoz (6)

Izl =1

It obviously results y > 0. Consider the open set
Lol F =l <& f) < fah + 20 ™
= {x x—x"|<é€ f(x) < f(x —_—
220 +y)

which, by continuity, is not empty. We claim that, if xk € £ for some k > 0,thenx* e £
for all k > k and {x¥} — x*.
Indeed, by using Taylor’s theorem and the mean value theorem, we have

FGH = fo") = VEEHT* —x%
] - - - -
50 =XV O -t =), @)
where 2»’; € (0, 1). Since, DN B(x*, €) is a convex set and B(x*, €) C S by hypothesis,

then x*¥ — x* is a feasible direction for Problem (4). By the assumption that x* is a
stationary point of Problem (4), we have that

V)T (F —x%) > 0. ©)
Now, (9), (8) and (6) imply
foR = foe%) = %(x’? — NV Ft kR — ey =2 (10)

1 —
5y||xk — x*|%

Recalling the hypothesis f(x**t1) < f(x*) — 0(a*)?||d*||* we have

v

— — 1 — —
@)2)d )% < 5(f(xk) — fGF) (11)

1 I3 «
5(f(x ) — f(x™),

IA
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where the second inequality follows from the hypothesis that x* is a global minimum.
By using (10) and (11), we have

ek — x# )12 = 15k — x* + ofdb|? (12)
< 20" — x¥|2 + 2521 |12
4 k « 2 I3 «
S UEH = F) + U6 - £

229
( +y)(f( B F).

Since x¥ € £ we have

=2
k * €yl
X)) = f(x*) < ——,
J&) = f(&x7) 200 1 7)
which, combined with (12) yields
Ik — x|l < e (13)

Furthermore, by using again the hypothesis FOFY < £(xF) — 02| 1d*|?, we have
that f(x**1) < £(x¥) for all k and hence
e2y0

[ 4
2020 + y) (14)

FORY < f6R) < Fef +

From the above two inequalities, it follows that 1l enB (x*, €) and similarly xker
for all k > k. In particular, since £ C B(x*, €), then x* € B(x*, €) for all k > k. Since,
by definition, B(x*, €) is a compact set, the sequence {xk} will have at least one limit
point which by assumption must be a stationary point of Problem (4). Now, since f(x) is
strictly convex within B(x*, €), the only stationary point of Problem (4) within B(x*, €)
is the point x*. Hence x¥ — x*. ]

Remark. Proposition 1 has been stated in the case F = DNSwithD ={x e R" : [ <
x < u}. However, the same result holds even if D is a generic closed convex set.

The above proposition states that, under reasonable assumptions, all the iterates are
attracted by a strong global minimum point provided that one of them is sufficiently close
to it. Note that usually a well posed physical problem has isolated global minima. On the
other hand, if the problem has been carefully formulated, it is reasonable to assume that
the hessian of the objective function is positive definite on the global minimum points.
For this reason, the assumption on the positive definitiveness of V f(x*) does not seem
too restrictive and it is likely to be verified.

In the literature some derivative free algorithms satisfying property (5) have been
proposed, see, for instance, [14], [21] and [13]. In [22] one of such methods has been
defined to solve box constrained minimization problems. In this work we adapt the
approach described in [22] to solve Problem (4). In particular, the proposed algorithm is
based on the following procedure, which performs a sampling of the objective function
along the coordinate axes.
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Procedure DF (x, o)
Data.y >0, €(0,1),0 € (0,1),d" ="' and&* =afori =1,...,n.

1. Initialization: Seti = 1 and x' = x.
2. Direction choice:
2.1 Compute !, s.t. x' + ol
Ifa>0, f(x +ad) < f(x') —y@)?andx’ +ad’ €S,
then go to Step 4.
2.2 Compute !, s.t. x' — o, .d" € 9D and set « = min{&’, o}, }.
Ifa >0, f(x! —ad) < f(x') — )/(oe)2 andx' —ad' € S,
then set d' = —d' and go to Step 4.
. Direction failure: Set & = 0, & = fa, and go to Step 5.
4. Linesearch:
4.1 Let@ = minfa,,., $}.
foa=a  or f(x +ad) > f(x')—ya?orx' +ad ¢S,
then set @ = o, @ = o and go to step 5.
4.2 Set«a = & and go to step 4.1.
. New point: Set x't! = x' + ad'.
6. Stopping criterion: If i = n, then (¥, &) = (x'T!, max;_;
(x,a)
else seti =i + 1 and go to Step 2.

d' € 9D and set « = min{&’', ot} }.

(98]

|91

2@, return

.....

Then the local minimization algorithm is described below.

Procedure DFA (x°, ao)
Data. «° > 0.

1. Set j = 1and x/ = x°.

2. Set (x/*1 o))y = DF(x/, 0/ 7).

3. If a/ > oyl then set j := j + 1 and go to step 2.
else return (x/ 11, /).

Whenever oo = 0, it is possible to show that Procedure DFA satisfies the following
properties.

Propos_ition 2. Assume that f € C' and that the level set Q(x°) is compact. Let {x/}
and {a’ } be the sequences produced by Procedure DFA(x°, 0), then:

(i) for every x° € R", every accumulation point of the sequence {x/} is a stationary
point of Problem (4) and

lim o/ = 0; (15)

j—o00

(ii) for every global minimum x* where V2 f (x*) is positive definite, then an open set
L exists such that if x° € L then x/ € L for every index j and lim;_, o x/ = x*.
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Proof. As regards the proof of point (i) we refer to [21]. Point (ii) follows directly from
Proposition 1 and the instructions of Procedure DF. O

Equation (15) of the above proposition guarantees that Procedure DFA terminates
provided that oy, > 0. As for point (ii), it guarantees that if the starting point of a
local minimization is sufficiently close to a global minimum point with positive definite
Hessian, then the whole sequence converges to it. In order to ensure that this happens, in
the following algorithm (DFSA) we make use of the simulated annealing acceptability
criterion proposed in [20]. In particular, the basic idea is to let a local minimization

start from points chosen at random according to a probability density function propor-
i —(f )= Fnin) T . . .
tional to e T , where T is a parameter called “annealing temperature” which is
progressively decreased during the minimization process.

Algorithm DFSA
Data. o, > 0 and oy > O.

1. Compute an initial temperature 7°, randomly choose a feasible point x°, set
fmin = f(x°) and xpin = x°. Setk := 1.
2. Randomly choose a feasible point x* € R" and a scalar z* € (0, 1).
o= fpit
3. IfF <e Tk then go to Step 4,

else compute 75! and go to Step 6.
4. Compute (i, o) = DFA(x¥, aro1).
If £(Z%) < fuin then set fumin = £ (%) and xmin = 3X.
6. Setk := k + 1 and go to Step 2.

9,1

As concerns the updating of the temperature parameter T* at Step 3, we refer to the
updating rule reported in [20].

Recalling the analysis carried out in [20, 26] it is possible to prove the following
result.

Proposition 3. For every global minimum point x* of f(x) on F and for every € > 0,
Step 3 of Algorithm DFSA accepts a point xk e Bx*;e)NFina finite number of
iterations with probability one.

Proposition 3 guarantees that, for every global minimum point x* of f(x) on F with
positive definite Hessian, a point x* € £ (where £ is the neighborhood of x* defined
in Proposition 1) is accepted in a finite number of steps with probability one. In turn,
Proposition 1 guarantees that a local minimization starting from such a point is attracted
by the global minimum.

In order to evaluate the efficiency of DFSA we have tested it on a set of well-
known global optimization test problems (see [2] and the references therein). These test
problems are essentially unconstrained in the sense that the bounds on the variables are
inactive at the global minimum point. Our choice is motivated by the fact that we want to
obtain a comparison as realistic as possible with a particular algorithm of the Controlled
Random search class, namely ACRS? (see [5] for a complete description of ACRS).

2 ACRS has been recently released on the NEOS server [15, 7, 9] under the Global Optimization category.
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Algorithm ACRS iteratively improves a working set of p points initially chosen at
random on the feasible set F. At each iteration, the algorithm, selects at random n + 1
points of the current working set privileging those points with a lower function value.
Then the weighted centroid of the selected points is computed and the new trial point is
obtained by doing a weighted reflection of the worst point (among the selected ones) on
the centroid. The weights used to compute the centroid and to do the reflection adaptively
change during the iterations to better exploit the information gathered on the objective
function as the algorithm goes on. Finally, the working set is updated by replacing the
point with the highest function value with the new point provided that it is feasible and
has a function value lower than the maximum value over the working set. The algorithm
stops when the difference between the maximum and the minimum function values over
the working set, is below a prefixed tolerance tol.

Our choice of comparing DFSA with ACRS is mainly due to the fact that ACRS has
already been employed to tackle the magnetic resonance optimal design problem (see
[19]) as well as other optimal design problems of various types (see, e.g., [5, 8, 2]).

The results of Table 1 were obtained choosing p = 251 and fol = 10~ for ACRS.
As concernes DFSA, we set oy = 1070 and chose to stop it whenever the test at Step
5 fails ten times consecutively. We note that tol and ¢ are intentionally equal in order
to get comparable results.

Moreover, since DFSA and ACRS use randomly generated points, the reported results
refer to the average behavior on 100 runs.

From Table 1, it clearly emerges the superiority of DFSA in terms of precision of
the computed solution for problems with dimension ranging from 10 to 100, which is
a feature we are interested in since we aim at obtaining a high uniformity level in the
optimal design problem (which, as already said, has 14 variables). Moreover, we note
that DFSA is worse than ACRS with respect to the number of objective function evalua-
tions when n < 10. The two algorithms are comparable when n = 15, 20, while DFSA
becomes more and more efficient when n > 20. This behavior is essentially imputable
to the intimate difference between the two algorithms. As concerns DFSA, its multi-start
nature along with a poor stopping criterion are responsible for the high computational
burden of the algorithm. On the other hand, since every local minimization of algorithm
DFSA is carried out using a derivative free linesearch strategy, DFSA is able to locate the
global minimum point with a high precision. On the opposite, ACRS employs a simplex
based local search which allows it to locate a rough estimate of the global minimum
point very rapidly, especially for small problems, but at the expense of the accuracy.

In order to improve the efficiency of algorithm DFSA retaining its accuracy, we can
draw our inspiration from ACRS itself. Indeed, an important aspect of the latter algorithm
is that its working set is iteratively updated by performing, at each iteration, a single
step of a simplex based local search. Thus, no local search is carried out completely, as
opposed to DFSA, and this allows for a considerable reduction of function evaluations.
Moreover, the presence of such an array of points conveys a certain degree of nonmonot-
onicity thus improving the ability to find a global minimum point. Following these lines
we have introduced a working set W of m triples (x, f(x), o) where, in particular, « is
the current step of the derivative free algorithm at x. The working set W can be updated
either by performing a single step of the derivative free algorithm (using Procedure DF)
or by replacing the worst point, namely the one with highest objective function value,
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Table 1. Numerical comparison between DFSA and ACRS algorithms.
DFSA ACRS

PROBLEM n nf F. min F. aver. nf F. min F. aver
S-H. Camel B. 2 2068 —1.0316 —1.0316 522 —1.0316 —1.0316
Treccani 2 970 0.000D+00 | 0.000D+00 485 0.178D-09 | 0.118D-07
Quartic 2 1697 —0.3524 —0.3524 524 —0.3524 —0.3524
Schubert 2 2246 | —186.7309 | —186.7309 2271 —186.7309 | —186.7309
Schub. pen. 1 2 2098 | —186.7309 | —179.3470 1255 —186.7309 | —186.1988
Schub. pen. 2 2 1979 | —186.7309 | —178.5920 1078 —186.7309 | —186.3615
Shekel m = 5 4 4126 —10.1532 —10.1027 3704 —10.1532 —8.7748
Shekel m =17 4 3896 —10.4029 —10.3502 2119 —10.4029 —10.3362
Shekel m = 10 4 3610 —10.5364 —10.4694 2191 —10.5364 —10.2402
Expon. 2 1026 —1.0000 —1.0000 379 —1.0000 —1.0000
Expon. 4 2052 —1.0000 —1.0000 1002 —1.0000 —1.0000
Cos-mix 2 895 —0.2000 —0.2000 471 —0.2000 —0.2000
Cos-mix 4 2156 —0.4000 —0.4000 1310 —0.4000 —0.4000
Hartman 3 3248 —3.8628 —3.8628 754 —3.8628 —3.8628
Hartman 6 7075 —3.3224 —3.3224 2217 —3.3224 —3.3224
5n loc-min 2 959 0.197D-13 | 0.497D-12 545 0.345D-10 | 0.106D-07
5n loc-min 5 2696 0.891D-14 | 0.198D-12 1587 0.443D-08 | 0.251D-07
Sn loc-min 10 5474 0.548D-14 | 0.691D-13 3912 0.288D-07 | 0.268D-05
5n loc-min 15 8847 0.314D-14 | 0.603D-13 7935 0.136D-05 | 0.582D-04
5n loc-min 20 11285 | 0.248D-14 | 0.530D-13 12676 0.561D-04 | 0.331D-03
5n loc-min 30 17026 | 0.161D-14 | 0.304D-13 23262 0.428D-03 1.074E-03
5n loc-min 50 29261 | 0.826D-15 | 0.119D-13 53077 0.493D-03 1.371E-03
5n loc-min 100 || 58473 | 0.501D-15 | 0.467D-14 139575 | 3.463E-03 1.021E-02
10n loc-min 2 1101 0.282D-13 | 0.116D-10 599 0.795D-11 | 0.959D-08
10n loc-min 5 2991 0.226D-13 | 0.219D-11 1715 0.209D-08 | 0.252D-07
10n loc-min 10 6968 0.119D-13 | 0.460D-12 4769 0.282D-06 | 0.469D-04
10n loc-min 15 10214 | 0.644D-14 | 0.267D-12 9441 0.227D-04 | 0.844D-03
10n loc-min 20 13260 | 0.566D-14 | 0.134D-12 14245 0.287D-03 0.0031
10n loc-min 30 22682 | 0.252D-14 | 0.639D-13 25575 2.220E-03 1.063E-02
10n loc-min 50 39270 | 0.932D-15 | 0.622D-03 59789 6.952E-03 2.623E-02
10n loc-min 100 || 83315 | 0.884D-15 | 0.144D-13 155816 | 6.743E-02 | 2.523E-01
15n loc-min 2 1057 0.377D-14 | 0.808D-12 496 0.433D-10 | 0.951D-08
15n loc-min 5 2958 0.218D-14 | 0.221D-12 1487 0.338D-08 | 0.286D-07
15n loc-min 10 6866 0.309D-14 | 0.187D-12 3820 0.500D-07 | 0.337D-05
15n loc-min 15 10871 0.23D-14 0.728D-13 8566 0.881D-06 | 0.377D-03
15n loc-min 20 15725 | 0.142D-14 | 0.109D-03 11888 0.362D-04 | 0.397D-03
15n loc-min 30 24601 | 0.196D-14 | 0.493D-13 25050 1.613E-03 7.902E-03
15n loc-min 50 42792 | 0.149D-14 0.11D-03 63912 1.215E-02 | 4.635E-02
15n loc-min 100 || 91848 | 0.139D-14 | 0.248D-13 160518 | 2.852E-01 9.126E-01
Griewank 2 1284 | 0.000D+00 | 0.873D-02 781 0.117D-09 | 0.912D-03
Griewank 5 3565 | 0.000D+00 | 0.164D-01 2306 0.524D-08 | 0.291D-07
Griewank 10 5375 | 0.000D+00 | 0.000D+00 5882 0.269D-07 | 0.129D-06
Griewank 15 8049 0.00D+00 0.00D+00 11210 0.511D-06 | 0.646D-05
Griewank 20 11325 | 0.000D+00 | 0.000D+00 17400 0.2D-05 0.377D-04
Griewank 30 17767 | 0.00D+00 0.00D+00 31969 0.440D-04 | 0.158D-03
Griewank 50 29579 | 0.00D+00 0.00D+00 71379 0.201D-03 | 0.550D-03
Griewank 100 || 59263 | 0.00D+00 0.00D+00 199537 | 1.054E-03 2.144E-03
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with a point produced by a partial minimization carried out by means of Procedure DFA
starting from a point accepted by the simulated annealing criterion.

Algorithm DDFSA
1. Data: «° > 0.
2. Compute an initial temperature 7°, set k := 0.
3. Generate the initial working set WK = {(xi, fOx), ek, i=1,2,...m}.
4. Set
(Xmin» fmin, Olmin)k = (X, f_» a) € wk: f = min S ),
(x, f(x),0)eWk
(Xmax, fmax. O5max)k = (x, fT, a) € wk f = max fx),
(x, f(0),0)eWk
aé‘top = max  o.
(x, f(x), )Wk
5. Randomly choose a feasible point x* € R” and a scalar z* € (0, 1).
—( k)= fpi)t
6. If ¥ > e rk compute 7%+! and go to step 9.
7. Compute (¥, &%) = DFA(*, af,).
8. If f(¥%) < fk . then set

Wkt = (Wk \ {(*max> fmax, amax)k}) U {(ik, f(ik)v &k)}1
k :=k + 1 and go to step 4.
9. For every triple (x;, f(x;), a;)F € Wk, set (i, @) = DF (x}, k). Set

whH = HE r@h, b,
i=1

k :=k + 1 and go to step 4.

As regards the initial working set generation at step 3, we have chosen the following
strategy: every element of W° is obtained by applying procedure DF starting from a
feasible point accepted by the simulated annealing criterion.

Algorithm DDFSA enjoys an analogous property to that stated by Proposition 3. In
particular, for the sake of completeness, we report the following proposition.

Proposition 4. For every global minimum point x* of f(x) on F and for every € > 0,
Step 6 of Algorithm DDFSA accepts a point x* € B(x*; €) N F in a finite number of
iterations with probability one.

In order to exploit the above proposition, we need a further property, which actually
guarantees the existence of a gap between the global minimum value and the lowest
value of f(x) on a local, non global, minimum point.
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Proposition 5. Assume that Q (x°) is a compact set and that every global minimum point
x* of f(x) on F is such that V> f (x*) is positive definite, then § > 0 exists such that

fGH+8 < inf f(x),

xe8(x°)
where S(x°) is the set of local-nonglobal minimum points of f(x) in €2 (x°).
Proof. Let S* be the set of global minimum points of f(x) on F, namely,
S*={x*eR": f(x*) < f(x),YVx € R"}.

By assumption, for every x* € S*, f(x) is strictly convex within a neighborhood of x*,
that is there exists a positive constant o+ such that:

fG) > f&x, IVl #0, Vo lx —x*| < o, x#x* (16)
Now it is possible to define the following set
Sy = [ {xreQG®) : llx —x*| = 0pe} .
x*eS*

The compactness assumption on the level set €2 (x°) implies that also the set S (x°) is
compact and, hence, there exists x € S(x°) such that:

f(E)= min f(x).

x€8(x°)
By the definition of S (x°), we can write
fE) = f@x*) +25.
Since $* N S(xo) = @and S(x°) C S’(xo), we have forall x* € $* and forallx € S(x°):
FOH+8 < fR) = f),
which proves the proposition. O

The above proposition and the continuity of f(x) guarantee that the set

Aoy =[x e 7 pe = pany + L21ED),
where f =inf _ 5°) f(x), is not empty. Hence, under the assumptions of Proposition
5,an € > 0 exists such that B(x*; €) N F € LN A(x*)(where L is the neighborhood of
x* defined in Proposition 1). Hence a point x* € £N A(x*) is accepted and inserted into
the working set W* as xll‘ in a finite number of steps with probability one. Moreover,
such a point xll‘ can be substituted, at Step 8 of Algorithm DDFSA, only by a point i
which belongs to £ N A(x*) too. Now, Proposition 1 implies that starting from such a
point xlf‘ the local minimization at step 9 produces a sequence of points which is attracted
by the global minimum.
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Table 2. Numerical results of DDFSA.

DDFSA

PROBLEM n nf F. min F. aver.
S-H. Camel B. 2 749 —1.0316 —1.0316
Treccani 2 999 0.106D-13 0.247D-12
Quartic 2 759 —0.3524 —0.3524
Schubert 2 1296 —186.7309 —182.9417
Schub. pen.1 2 853 —186.7309 —181.1954
Schub. pen.2 2 793 —186.7309 —183.4487
Shekel m =5 4 1833 —10.1532 —10.1532
Shekel m =7 4 2080 —10.4029 —10.2447
Shekel m = 10 4 2046 —10.5364 —10.5364
Expon. 2 431 —1.0000 —1.0000
Expon. 4 937 —1.0000 —1.0000
Cos-mix. 2 531 —0.2000 —0.2000
Cos-mix. 4 1160 —0.4000 —0.4000
Hartman 3 704 —3.8628 —3.8628
Hartman 6 1642 —3.3224 —3.3224
5n loc-min 2 615 0.329D-13 0.228D-12
5n loc-min 5 1398 0.114D-13 0.106D-12
5n loc-min 10 2447 0.462D-14 0.551D-13
5n loc-min 15 4350 0.345D-14 0.233D-13
5n loc-min 20 6623 0.242D-14 0.198D-13
5n loc-min 30 10537 0.143D-14 0.119D-13
5n loc-min 50 18643 0.105D-14 0.592D-14
5n loc-min 100 41161 0.513D-15 0.343D-14
10n loc-min 2 763 0.114D-12 0.730D-11
10n loc-min 5 1347 0.392D-13 0.182D-11
10n loc-min 10 2802 0.152D-13 0.479D-12
10n loc-min 15 5013 0.826D-14 0.415D-12
10n loc-min 20 7504 0.737D-14 0.0016
10n loc-min 30 12320 0.360D-14 0.176D-12
10n loc-min 50 21464 0.470D-14 0.742D-13
10n loc-min 100 47366 0.574D-15 0.374D-13
15n loc-min 2 676 0.234D-13 0.165D-12
15n loc-min 5 1460 0.568D-14 0.525D-12
15n loc-min 10 2656 0.241D-14 0.220D-03
15n loc-min 15 5053 0.513D-14 0.330D-03
15n loc-min 20 7800 0.159D-14 0.167D-12
15n loc-min 30 13098 0.191D-14 0.440D-03
15n loc-min 50 23072 0.347D-14 0.220D-03
15n loc-min 100 49998 0.897D-14 0.549D-03
Griewank 2 637 0.259D-14 0.0146
Griewank 5 1281 0.135D-13 0.886D-13
Griewank 10 3023 0.000D+00 0.898D-13
Griewank 15 5930 0.000D+00 0.761D-13
Griewank 20 9963 0.000D+00 0.603D-13
Griewank 30 15070 0.000D+00 0.649D-13
Griewank 50 28435 0.000D+00 0.621D-13
Griewank 100 62652 0.000D+00 0.709D-13

Table 2 reports the behavior of algorithm DDFSA on the same set of test prob-
lems used to compare DFSA and ACRS. The results are obtained by using m =
min{20, max{10, n}} as dimension of the working set W and stopping Algorithm DDFSA
when agop < 107°. The instructions of step 9 and Eq. (15) imply that this stopping con-
dition is eventually satisfied.
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Fig. 3. Comparison among DFSA, ACRS and DDFSA in terms of function evaluations

By comparing tables 1 and 2, it emerges that the distributed algorithm DDFSA out-
performs DFSA and ACRS in terms of function evaluations but retains a high accuracy
of the solution as well. This superiority is clearly pointed out by Figure 3 which sum-
marizes the behavior of the three algorithms on the test problems by reporting the total
number of function evaluations needed to solve problems with the same dimension.
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4. Numerical results

As a first attempt, we have tried to solve the optimal design problem by using a local
minimization algorithm. In particular, we have used procedure DFA setting oy = 10~
and taking ten different starting points randomly chosen on the feasible set. We have

obtained ten different local minimizers, where the worst local minimum point is

x1 =2791mm x4 = 181.85mm
xo = 87.20mm x5 = 235.67mm
x3 = 138.85mm  xg = 296.87Tmm
x7 = 20.53° x9 = 60.58°

xg = 38.62° x10 = 83.57°

x11 = 20.00mm  x13 = —10.00mm
x12 = 20.00mm  x14 = —10.00mm

which has an objective function value of 3.32 - 107 and corresponds to a uniformity

of 102 ppm for the z component, 30 ppm
component. The best local minimum is

for the x component and 55 ppm for the y

x; = 25.01lmm x4 = 174.64mm
xo = 72.23mm x5 = 228.75mm
x3 = 123.52mm xe = 298.08mm
x7 = 18.72° x9 = 54.40°

xg = 36.71° x10 = 77.82°
x11 = —10.00mm x13 = 5.53mm
X12 = 20.00mm X14 = 5.31mm

which has an objective function value of 2.51 - 10~7 and corresponds to a uniformity of
28 ppm for the z component and 12 ppm for the x and y components.
The above results clearly show the need of using a global strategy to get a design

with the best uniformity. To this end we have employed algorithm DDFSA (where the
values of the constants are the same as stated in Section 3). DDFSA, after 19408 function
evaluations, produced a point with a function value of 1.095- 10~ which corresponds to
a uniformity of 17 ppm for the z component, 10 ppm for the x component and 9 ppm for
the y component of the magnetic field within the uniformity region. Since the precision
obtainable by the manufacturing process is 1/100 mm and 1/1000 deg., we report the
solution point appropriately rounded:

x1 =28.97mm x4 = 197.80mm
xo = 88.79mm x5 = 243.98mm
x3 = 142.95mm xg = 299.97mm
x7 = 19.165°  x9 = 56.069°

xg = 37.869° x10 = 81.225°
x11 = 13.02mm x13 = 1.45mm
X12 = —3.79mm X14 = —8.90mm.
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Fig. 4. Optimal design

The rounded point has an objective function value of 1.141 - 10~7 which corresponds
to a uniformity of 18 ppm for the z component, 11 ppm for the x component and 9 ppm
for the y component of the magnetic field within the uniformity region.

The z component of the magnetic field has an average value of B, = 743.5 Gauss.
In Figure 4 we report the optimal structure as determined by the optimization procedure.

The global optimization algorithm allowed us to obtain a satisfactory field uniformity.
We recall that existing low-field small MR magnets present 50 ppm of field uniformity.
To have an idea of the achieved improvement in the field uniformity level, we plot the
field behavior on the Y Z-plane. Figure 5 corresponds to the optimal structure detected
by DDFSA, whereas Figure 6, corresponds to the best local minimum found by DFA,
which, as already said, has a field uniformity of approximately 28 ppm.



iuzzi et al.

G.L

360

0.00001

sx10-F
{ppm)

Be - 8o
1o

E
"
o

formity

ion uni

Fig. 5. Optimal configurat

D.o000Y

suiat

tppm)

[ EX T

Ba

!
p

Fig. 6. 28 ppm configuration



A magnetic resonance device designed via global optimization techniques 361

In conclusion, we can say that Algorithm DDFSA performed well on this practical
problem both in terms of number of function evaluations and in terms of the attained
quality of the solution. However, we believe that further improvements are possible.
In particular the following aspects of the proposed solution technique deserve a better
understanding and consideration:

- a closer examination of different global searches and their combination with the
derivative free local engine;

- animprovement of the local search phase aimed to decreasing the number of function
evaluations;

- the definition of algorithms which can handle both continuous and integer variables.
In the Magnetic Resonance problem, it would be interesting to consider as variables
the number of magnets as well as the number of rings.

The above points are subject of continuing work.

Acknowledgements. The authors would like to thank two anonymous referee and the guest editor for their
helpful comments, suggestions and corrections which greatly contributed in improving the paper.

5. Appendix

In this section, for the sake of completeness, we report the analytical expression of
constraints g, (x), h = 10, ..., 49 of Problem (M).

Let (r, h) = (21, 30), (a, b) = (204, 148) and S = {(a, b), (@ — xi, b — x;),i =
11, ..., 14}. For every pair (a,b) € Sandeveryi =7, ..., 10, let

Cy,i = [l COSX; czi = sin x;,

b
with ; = a , be the coordinates (in the first quadrant) of the

V(bcosx;)2 + (asinx;)?
intersection point between an ellipse with a and b semiaxes and a line with slope tg x;
(as shown in figure 7). By simple geometric reasoning, we can compute the following

quantities:
b2
o = arct
l £ (‘12 tg x; )

C;’i =cy,it+ h sin o; COZi = cz,it+ h cos a;
(1 ) .

Vy; = CY.i +rcosco; Uy = Czji—rsing;
4 4 .

v§,l).=0y’,-—rcosot,- U(Z)l = ¢z, +rsing;,

where, in particular, points (v;j g, v(Zj)i) for j = 1, 2, 3, 4 are the corners of the orthogonal

projection of the i-th magnet onto the Y Z-plane, that is a plane parallel to the cylinder
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o eyl

Fig. 7.

basis. These points are crucial since, as it is readily seen, two consecutive magnets do
not overlap on each other if and only if their projections do not. Then, for every choice
of (a, b) € S, we get the following non convex constraints:

4 1 4 1
v(Z)l — v(Z’)if1 — (vl(,’l). — v;’?fl)ctgoz,-_l <0, a7
2
I:U(Z‘t)l- - v(Zl)l — ctgo— (v;? — v;lz)] )
3 —(0.5)" >0, (18)
I + ctga:_;
fori =8,9,10 and
v;l% —r >0, (19)
1
v > 0. (20)

In particular, constraints (17) guarantee that the i-th magnet lies completely on
the right of the (i — 1)-th magnet. This task is accomplished by assuring that point
(vgf"?, U(Z4,)i) lies below the line passing through point (vg 3_1 , v(Z])l _) with angular coeffi-

cient ctger;_1. The second set of constraints, that is constraints (18), ensure that pairs of
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consecutive magnets be strictly more than 0.5 millimeters apart from each other. Indeed,

inequality (18) ensures that the distance between point (v§,4?, v?)l.) and the line passing

through point (v;l?—v U(Zl)i_l) with angular coefficient ctge;_; is greater than 0.5mm.

Finally, constraints (19) and (20) guarantee that the first and the last magnet do not touch,
respectively, the central one and the upper most magnet in the symmetric part of the ring.

In the end, we come up with a group of eight constraints (17)-(20) for every pair
(a, b) € S, that is forty constraints which constitute g (x), for all 7 = 10, .. ., 49.
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